Abstract. We show that the enveloping space XG of a partial action of a Polish group G on a Polish space X is a standard Borel space, that is to say, there is a topology τ on XG such that (XG, τ ) is Polish and the quotient Borel structure on XG is equal to Borel(XG, τ ). To prove this result we show a generalization of a theorem of Burgess about Borel selectors for the orbit equivalence relation induced by a group action and also show that some properties of the Vaught's transform are valid for partial actions of groups.
Introduction
Given an action a : G × Y → Y of a group G over a set Y and an invariant subset X of Y (i.e. a(g, x) ∈ X, for all x ∈ X and g ∈ G), the restriction of a to G × X is an action of G over X. However, if X is not invariant, we get what is called a partial action on X: a collection of partial maps {m g } g∈G on X for which m 1 = id X and m g • m h ⊆ m gh , for all g, h ∈ G. A partial action of a group is a weakening of the classical notion of a group action and was introduced by R. Exel in [14] motivated by problems arising from C * -algebras (see [9] , [10] , [11] , [12] , [13] ). Since then, partial group actions have appeared in many different context, such as the theory of operator algebras and in algebra [7] , also in the theory of R-trees, tilings and model theory [21] . More recently partial actions have been an efficient tool to study C * -álgebras associated with integral domains [5] and dynamical systems of type (m, n) [3] . A deep application of partial actions was obtained in [2] in which the authors provide a counter-example for a conjecture of M. Rørdam and A. Sierakovski related with the Banach-Tarski paradox.
In the topological context, partial actions on topological spaces, consists of a family of homeomorphism between open subsets of the space (see Definition 2.2). Extension problems in topology are related to the question of whether a given collection of partial maps on a space can be realized as the set of traces of a corresponding collection of total maps on some superspace. In the context of partial actions this question was first studied in [1] and [21] , where the authors showed that every partial action of a topological group G on a topological space X can be obtained as a restriction of a continuous global action of G on some superspace X G of X, such X G is called the globalization or enveloping space of X (see Definition 2.4). Similar approaches were also presented in [24] and [27] .
Actions of Polish groups have received a lot of attention in recent years, because of its connection with many areas of mathematics (see [4, 16] and the references therein). We recall that a Polish space is a topological space which is separable and completely metrizable, and a Polish group is a topological group whose topology is Polish. The problem of whether a partial action of a Polish group on a Polish space admits a Polish globalization was studied in [25] . In general, the spaces X G and X do not share the same topological properties. For example, X G could be not Hausdorff even for X and G metric spaces (see for instance [ [25] that under appropriate hypothesis X G is a Polish space (see Theorem 2.8 below).
On the other hand, the classical theory of Polish group actions has been extended to Borel actions of Polish groups, where the action is required to be Borel measurable rather than continuous, an approach that goes back to the works of Mackey [23] and Effros [8] and many others (see for instance [4, 16] for a more recent treatment). In this article we present a first step for extending the notion of a topological globalization to the category of standard Borel spaces. One of our main results is that, when X and G are Polish spaces, the enveloping space X G is a standard Borel space, that is there is a topology τ on X G extending the topology of X G such that (X G , τ ) is Polish and the quotient Borel structure of X G is equal to Borel(X G , τ ). Moreover, the Borel structure of X is not changed, that is, Borel(X) = Borel(X, τ X ) and the global action of G over X G is Borel measurable (see Theorem 4.3) . In other words, (X G , τ ) is a Borel G-space (as in [4] ) extending the original partial action on X and thus it can be called a Borel globalization of X.
For the proof of our results we need to extend some well known theorems about Polish group actions to the context of partial actions. In particular, we present a generalization of a theorem of Burgess [6] about Borel selectors for the orbit equivalence relation E p G on X induced by the partial action of a Polish group G. In addition, we show some properties of the natural generalization of the Vaught's transforms [28] but now for partial actions. Vaught's transforms are an important tool in invariant descriptive set theory [16, 19] , and they have also been studied in the context of Polish groupoid [22] . Since X G is a standard Borel space, then it is natural to look at the orbit equivalence relation E G associated to the enveloping action of G over X G . We show that the orbit equivalence relation E p G given by the partial action is Borel bireducible to E G .
Preliminaries
Let G be a group with identity element 1, X a set and m : G×X → X, (g, x) → m(g, x) = g·x ∈ X a partially defined function. We write ∃g · x to mean that (g, x) is in the domain of m. Then m is called a (set theoretic) partial action of G on X, if for all g, h ∈ G and x ∈ X we have:
We fix some notations that shall be useful throughout the work. Let
Moreover, for h ∈ G and y ∈ X write
By [26, Lemma 1.2] a partial action m : G * X → X can be equivalently formulated in terms a family of bijections in the following sense. A partial action m of G on X is a family m = {m g :
where X g ⊆ X, m g is bijective, for all g ∈ G, and such that:
Example 2.1. Induced partial action:
∈ X is a partial action of G on X. In this case we say that m is induced by u.
From now on G will be a topological group and X a topological space. We consider the set G × X with the product topology and G * X ⊆ G × X with the subspace topology. Definition 2.2. A topological partial action of the group G on the topological space X is a partial action m = {m g : X g −1 → X g } g∈G on the underlying set X such that each X g is open in X, and each m g is a homeomorphism.
We recall the definition of the enveloping action in the topological sense. Let m be a topological partial action of G on X. Define an equivalence relation on G × X as follows:
and denote by [g, x] the equivalence class of the pair (g, x). Consider the set X G = (G × X)/R endowed with the quotient topology. Then by [1, Theorem 1.1] the action
is continuous and the map
The following is the basic result about topological partial actions. 
), for all g ∈ G and x ∈ X g −1 .
Definition 2.4. Let m be a partial action of G on X. The action provided by (2.2) is called the enveloping action of m and the space X G is the enveloping space or a globalization of X.
An important concept in the study of group actions is the associated orbit equivalence relation. Next we introduce the natural generalization of this concept to the context of partial actions. Definition 2.5. Let m be a partial action on X. The orbit equivalence relation E p G on X is defined by xE p G y ⇐⇒ ∃ g · x and g · x = y, for some g ∈ G. If m is global, we simply write
The set of equivalence classes X/E p G is endowed with the quotient topology. We have the following. Lemma 2.6. Given a topological partial action m = {m g : X g −1 → X g } g∈G of G on X. The following assertions hold:
(i) For any g ∈ G and x ∈ X g we have
Proof. ) · x, and g ∈ G x , then g · x = g · ((g −1 h)) · x = h · x, thanks to (PA2), and the result follows.
The enveloping space X G can also be presented as a quotient with respect to an orbit equivalence relation of a partial action. This fact will be crucial for the rest of the paper.
Let m be a partial action of G on X, and denote (G × X) g = G × X g , for any g ∈ G. Then the
, is a partial action of G on G × X. Denote by E p G the orbit equivalence relation induced by m. The importance of this partial action m is the following.
Theorem 2.7. [25, Theorem 3.3] Let m be a topological partial action of G on X, and R be the equivalence relation given by (2.1). Then (g, x) E p G (h, y) iff (g, x)R(h, y), for all g, h ∈ G and x, y ∈ X. Hence, the orbit space (G × X)/ E p G coincides with X G . A Polish space is a separable topological space which is metrizable by a complete metric. We recall that a subspace of Polish space X is Polish iff it is a G δ subset of X [19, Theorem 3.11].
The following result, mentioned in the introduction, indicates under which conditions we can obtain a Polish globalization.
Theorem 2.8. [25, Theorem 4.7]
Let m be a continuous partial action of a separable metrizable group G on a separable metrizable space X such that G * X is open and E p G is closed. If G * X is clopen or X is locally compact, then X G is metrizable. If in addition, G and X are Polish, then X G is Polish.
For the rest of this paper, G will be a Polish group, X a Polish space and all partial actions are assumed to be continuous with G * X is G δ .
Most of the results in [1, 21] are stated for partial actions where G * X is open. However, in [1, Remark 1.1] provides an example of a topological partial action in which G * X is closed in G × X. Abadie's example is a particular case of the following.
Example 2.9. Let G be a Polish group, H a Polish subgroup of G and a : H × X → X an action of H in a Polish space X. Consider m = {m g : X g −1 × X g } g∈G , where m g = a g if g ∈ H and X g = ∅, otherwise. Then m is a topological partial action of G on X for which G * X = H × X is G δ .
As we said in the introduction, we are interested in the Borel structure of the enveloping space, so we recall that the the quotient Borel structure on X/E p G consists of all subsets B of X/E p G such that π −1 (B) is Borel in X. Now we introduce some terminology about equivalence relations (see [4, 16] ). Let E and F be equivalence relations on some topological spaces X and Y, respectively. A reduction of E into F is a map f : X → Y such that xEy iff f (x)F f (y). We say that E and F are Borel bireducible, if there are reductions of E into F and viceversa which are Borel measurable. A Borel selector for E is a Borel function S : X → X such that xEy iff S(x) = S(y) and S(x)Ex, for all x ∈ X. We say that E is smooth if there is a Borel reduction of E into the identity relation of some Polish space Y, i.e, if there is a Borel map f : X → Y such that xEy iff f (x) = f (y). If there is a Borel selector for E, then E is smooth, however, the reciprocal does not hold in general.
We will need the following result about G δ equivalence relations (i.e. E is G δ as a subset of X × X) which is part of the Glimm-Effros dichotomy, a fundamental result about Borel equivalence relations [18] . The σ-algebra of Borel subsets of a topological space X is denoted by Borel(X). A space X is a standard Borel space [19] if there is a Polish space Y such that X and Y are Borel isomorphic, equivalently, if there is a Polish topology τ on X such that Borel(X) = Borel(X, τ ).
The Vaught's transforms and Borel selectors for partial actions
Let m be a topological partial action of G on X. Given x ∈ X and V ⊆ G denote V x = V ∩ G x . Then for A ⊆ X and a nonempty open set V ⊆ G, the Vaught transforms are
As usual, using the quantifier ∀ * g ∈ O which is read as saying for comeager many g in O and ∃ * g ∈ O as for nonmeager many g in O, the Vaught's transform are stated as follows:
Now we show that some properties of the Vaught transforms known to hold for total actions (see [19, 16B, p . 95]) also hold for partial actions. The proof of the following proposition is completely analogous to the case of a global action.
Proposition 3.1. Let m be a topological partial action of G on X. Then for A ⊆ X, a nonempty open set V ⊆ G and a family {A n } n∈N of subsets of X the following assertions hold: Proof. We first show that if A ⊆ X is open, then A △V = g∈V {x ∈ X g −1 : g · x ∈ A} and A △V is open. Let A ⊆ X be open and x ∈ A △V . Since {g ∈ V x | g · x ∈ A} is not meager, there exists g ∈ V x such that g · x ∈ A. In particular x ∈ X g −1 . Conversely, suppose x ∈ X g −1 and g · x ∈ A for some g ∈ V . Notice that {h ∈ V x : h · x ∈ A} is open in the Polish space V x , thus it is either empty or not meager in V x . Since g ∈ {h ∈ V x : h · x ∈ A}, then this set is not meager in V x . Hence x ∈ A △V . The rest follows from Proposition 3.1. Now we present generalizations to the context of partial actions of some well known facts about selectors for orbit equivalence relations induced by Polish group actions. Definition 3.3. Let X be a standard Borel space and E an equivalence relation on X. We call E idealistic if there is an map C → I C associating to each E-equivalence class C a σ-ideal I C of subsets of C such that:
(i) C / ∈ I C ; (ii) for each Borel set A ⊆ X × X the set A I defined by
is Borel.
The orbit equivalence relation induced by a Polish group action is idealistic (see [20] and also [16, Theorem 5.4.10] ). The analogous result holds for partial actions. 
Observe that (i) of Lemma 2.6 guarantees that this definition does not depend on the representative of [x] . Since the set {g ∈ G x : g · x ∈ [x]} = G x is a non empty open set, then C / ∈ I C . Now we check that for any Borel set A ⊆ X × X, the set A I defined in (3.3) is Borel. Indeed
Consider the topological partial action of β of G over X × X given by the family of partial homeomorphisms {X × X g −1 ∋ (x, y) → (x, g · y) ∈ X × X g } g∈G .
Notice that G (x,y) = G y , for all x, y ∈ G.
Then by (i) of Theorem 3.1 (applied to the partial action β) one has that
x ∈ A I ⇐⇒ (x, x) ∈ (X 2 \ A) * G .
Therefore A I is Borel thanks to Theorem 3.2 (applied again to β).
A theorem of Kechris says that if E is an equivalence relation on a Polish space, then E has a Borel selector iff it is smooth and idealistic ( [20 
The enveloping space X G is a standard Borel space
In this section we prove that the quotient Borel structure of X G is standard, that is to say, we show that there is a topology τ on X G such that (X G , τ ) is Polish and Borel(X G , τ ) is the quotient Borel structure of X G . We also show that the orbit equivalence relation E p G is Borel bireducible to an orbit equivalence relation induced by a total action of G on some Polish space.
The following is a generalization of (the easy part of) a theorem of Effros [8] (for more details on this topic see [17] ). 
